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Abstract
We consider singular solutions of the biharmonic NLS. In the L2-critical case, the blowup rate
is bounded by a quartic-root power law, the solution approaches a self-similar profile, and a finite
amount of L2-norm, which is no less than the critical power, concentrates into the singularity
(“strong collapse”). In the L2-critical and supercritical cases, we use asymptotic analysis and
numerical simulations to characterize singular solutions with a peak-type self-similar collapsing
core. In the critical case, the blowup rate is slightly faster than a quartic-root, and the self-similar
profile is given by the standing-wave ground-state. In the supercritical case, the blowup rate is
exactly a quartic-root, and the self-similar profile is a zero-Hamiltonian solution of a nonlinear
eigenvalue problem. These findings are verified numerically (up to focusing levels of 108) using
an adaptive grid method. We also calculate the ground states of the standing-wave equations
and the critical power for collapse in two and three dimensions.
1 Introduction
The focusing nonlinear Schro¨dinger equation (NLS)
iψt(t,x) + ∆ψ + |ψ|2σ ψ = 0, ψ(0,x) = ψ0(x) ∈ H1(Rd), (1)
where x = (x1, . . . , xd) ∈ Rd, and ∆ =
∑d
j=1 ∂
2
j is the Laplacian, has been the subject of intense
study, due to its role in various areas of physics, such as nonlinear optics and Bose-Einstein Con-
densates (BEC). It is well-known that the NLS (1) possesses solutions that become singular in a
finite time [33]. Of special interest is the critical (σ = 2/d) NLS
iψt(t,x) + ∆ψ + |ψ|4/d ψ = 0, ψ(0,x) = ψ0(x) ∈ H1(Rd), (2)
which models the collapse of intense laser beams that propagate in a bulk Kerr medium.
In this study, we consider the focusing biharmonic nonlinear Schro¨dinger equation (BNLS)
iψt(t,x)−∆2ψ + |ψ|2σ ψ = 0, ψ(0,x) = ψ0(x) ∈ H2(Rd), (3)
1
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where ∆2 is the biharmonic operator. Equation (3) admits waveguide (standing-wave) solutions of
the form ψ(t,x) = λ2/σeiλ
4tR(λx), where R satisfies the ”standing-wave” equation
−∆2R(x)−R+ |R|2σR = 0. (4)
The BNLS (3) is called “L2-critical”, or simply “critical” if σd = 4. In this case, the L2 norm
(“power”) is conserved under the BNLS dilation symmetry ψ (t,x) 7→ L−2/σψ (t/L4,x/L). The
critical BNLS can be rewritten as
iψt(t,x)−∆2ψ + |ψ|8/d ψ = 0, ψ(0,x) = ψ0(x) ∈ H2(Rd). (5)
Correspondingly, the BNLS with σd < 4 is called subcritical, and the BNLS with σd > 4 is called
supercritical. This is analogous to the NLS, where the critical case is σd = 2.
In [4], Ben-Artzi, Koch and Saut proved that the BNLS (3) is locally well-posed in H2, when σ
is in the H2-subcritical regime {
0 < σ d ≤ 4,
0 < σ < 4d−4 d > 4.
(6)
Global existence and scattering of BNLS solutions in the H2-critical case σ = 4/(d−4) were studied
by Miao, Xu and Zhao [25] and by Pausader [29]. The latter work also showed well-posedness for
small data. The H2-critical defocusing BNLS was studied by Miao, Xu and Zhao [24] and by
Pausader [27, 28].
The above studies focused on non-singular solutions. In this work, we study singular solutions
of the BNLS in H2, i.e., solutions that exist in H2(Rd) over some finite time interval t ∈ [0, Tc),
but for which lim
t→Tc
‖ψ‖H2 = ∞. The first study of singular BNLS solutions was done by Fibich,
Ilan and Papanicolau [12], who proved the following results:
Theorem 1. Solutions of the subcritical (σd < 4) focusing BNLS (3) exist globally.
Theorem 2. Let ‖ψ0‖22 < Pcr, where Pcr = ‖R‖22, and R is the ground state of (4) with σ = 4/d.
Then, the solution of the critical focusing BNLS (5) exists globally.
The simulations in [12] suggested that there exist singular solutions for σd = 4 and σd > 4, and
that these singularities are of the blowup type, namely, the solution becomes infinitely localized.
However, in contradistinction with NLS theory, there is currently no rigorous proof that solutions
of the BNLS can become singular in either the critical or the supercritical case.
To the best of our knowledge, the only work, apart from [12], which considered singular solutions
of the BNLS is by Chae, Hong and Lee [9], who proved that if singular solutions of the critical
BNLS exist, then they have a power-concentration property. See Section 5.3 for more details.
1.1 Summary of results
In this work, we consider singular solutions of the focusing BNLS in the H2-subcritical regime (6).
Our purpose is to characterize these singular solutions: Their profile, blowup rate, power concen-
tration, et cetera.
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In some cases, we assume radial symmetry, i.e., that ψ(t,x) ≡ ψ(t, r) where r = ‖x‖2 =√
x21 + · · · + x2d. In these cases, equation (3) reduces to
iψt(t, r)−∆2rψ + |ψ|2σ ψ = 0, ψ(0, r) = ψ0(r), (7)
where
∆2r = ∂
4
r +
2(d− 1)
r
∂3r +
(d− 1)(d− 3)
r2
∂2r −
(d− 1)(d− 3)
r3
∂r (8)
is the radial biharmonic operator. Specifically, the critical BNLS (5) reduces to
iψt(t, r)−∆2rψ + |ψ|8/d ψ = 0, ψ(0, r) = ψ0(r). (9)
The paper is organized as follows: In Section 2, we use Noether Theorem to derive conservation
laws for the BNLS. We recall that in the critical NLS, the conservation law which follows from
invariance of the action integral under dilation leads to the NLS “Variance Identity”, which can be
used to prove the existence of singular solutions. In Section 2.1 we use a similar procedure to derive
the “Variance Identity” for the critical BNLS, and then generalize it to the supercritical BNLS.
However, since it is not clear that the “BNLS variance” is positive definite, this identity does not
lead to a proof of the existence of singular solutions.
The ground states of the BNLS standing-wave equation (4) were previously computed only in
the one-dimensional case [12], since they were computed using a shooting method, which cannot
be easily generalized to multi-dimensions. In Section 3 we use the spectral renormalization method
to compute the ground-states of the critical BNLS (5) for one, two and three dimensions. The
calculated ground-states provide the first numerical estimate of the critical power for collapse
Pcr = ‖R‖22 in the two-dimensional and three-dimensional cases, see Section 4. Direct simulations
of the critical BNLS suggest that the constant Pcr in Theorem 2 is optimal.
In Section 5 we use rigorous analysis to study the critical BNLS (5). The blowup rate is shown
to be lower-bounded by a quartic root, i.e., ‖∆ψ‖−1/22 ≤ C (Tc − t)1/4 . The corresponding bound for
the critical NLS is a square root, i.e., ‖∇ψ‖−12 ≤ C (Tc − t)1/2 .We then prove that singular solutions
converge to a self-similar profile strongly in L2+2σ, for any σ in the H2-subcritical regime (6). This
implies that the singular solutions have the power-concentration property, whereby the amount of
power that enters the singularity point is at least Pcr. These rigorous results mirror those of the
critical NLS.
Let us denote the location of the maximal amplitude of a radially-symmetric solution by
rmax(t) = argmax
r
|ψ|.
Singular solutions are called “peak-type” when rmax(t) ≡ 0 for 0 ≤ t ≤ Tc, and “ring-type”
when rmax(t) > 0 for 0 ≤ t < Tc. In this work, we use asymptotic analysis and numerics to find
and characterize peak-type singular solutions of the BNLS equation. Ring-type singular solutions
of the BNLS will be studied elsewhere [2, 3].
In Section 6 we use asymptotics and numerics to show that peak-type singular solutions of the
critical BNLS collapse with the quasi self-similar profile
ψ(t, r) ∼ 1
Ld/2(t)
R
(
r
L(t)
)
e
i
R t
0
1
L4(t′)
dt′
, lim
t→Tc
L(t) = 0,
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where the self-similar profile is the ground state R(ρ). The blowup rate is shown to be slightly
faster than the quartic-root bound. This is analogous to the critical NLS, where the blowup rate
of peak-type solutions is slightly faster than the square-root bound, due to the loglog correction
(the “loglog law”). It is an open question whether the correction to the BNLS blowup rate is also
a loglog term.
In Section 7 we consider peak-type singular solutions of the supercritical BNLS. In this case,
asymptotics and numerics show that singular solutions are of the quasi self-similar form
ψ(t, r) ∼ 1
L2/σ(t)
B
(
r
L(t)
)
e
i
R
1
L4(t′)
dt′
, lim
t→Tc
L(t) = 0, (10)
the blowup rate of L(t) is exactly a quartic-root, and the self-similar profileB(ρ) is different from the
ground-state. Rather, as in the supercritical NLS, the self-similar profile B is the zero-Hamiltonian
solution of a nonlinear eigenvalue problem. Although B(ρ) is not in L2, it can be the self-similar
profile of a collapsing H2 solution, since the collapsing solution is “only” quasi self-similar.
Section 8 presents the numerical methods. The computations of singular BNLS solutions that
focus by factors of 108 and more, necessitated the usage of adaptive grids. We develop a modi-
fied version of the Static Grid Redistribution method [31, 10], which is more convenient for the
biharmonic problem. Calculating the BNLS standing waves in multi-dimensions is done using the
Spectral Renormalization Method.
1.2 Discussion
In this study, we use rigorous theory, asymptotic theory and numerics to analyze singular solutions
of the BNLS. All the results presented in this work mirror those of the NLS, “up to a change
by a factor of 2” in the blowup rate (1/2 −→ 1/4), in the critical value of σ (2/d −→ 4/d), et
cetera. However, several key features of NLS theory are still missing from BNLS theory. First, the
“Variance Identity” for the BNLS cannot be used to prove that singular solutions exist. Second,
the critical NLS is invariant under the pseudo-conformal (“lens-transformation”) symmetry which
can also be used to construct explicit singular solutions. At this time, it is unknown whether an
analogous identity for the critical BNLS exists. Third, in critical NLS theory, the self-similar profile
is known to possess a quadratic radial phase term, i.e.,
ψ(t, r) ∼ 1
Ld/2(t)
R
(
r
L(t)
)
eiτ(t)+i
Lt
4L
r2 .
This term represents the focusing of the solution towards r = 0, and plays a key role in the rigorous
and asymptotic theory of the critical NLS. At this time, we do not know the analogous radial phase
term for the critical BNLS.
Finally, we note that a similar “up to a factor of 2” connection exists between singular solutions
of the nonlinear heat equation, see [17], and the biharmonic nonlinear heat equation, see [7]. For
example, the L∞ norm of singular solutions blows up as (Tc − t)−1/2 for the nonlinear heat equation,
and as (Tc − t)−1/4 for the biharmonic heat equation. The “similarity up to a factor of 2”, however,
is not perfect. For example, the self-similar spatial variable is r/
√
(Tc − t) log(Tc − t) for the
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nonlinear heat equation, and r/ 4
√
Tc − t for the biharmonic nonlinear heat equation. Another
difference between the equations is that singular solutions are asymptotically self-similar for the
nonlinear heat equation, and truly self-similar for the biharmonic heat equation. In contrast, the
NLS possesses self-similar singular solutions, whereas for the BNLS it is unknown whether singular
solutions are truly, or only asymptotically, self-similar.
2 Invariance
The BNLS (3) is the Euler-Lagrange equation of the action integral
S =
∫
Ldxdt,
where L is the Lagrangian density
L (ψ,ψ∗, ψt, ψ∗t ,∆ψ,∆ψ∗) =
i
2
(ψtψ
∗ − ψ∗tψ)− |∆ψ|2 +
1
1 + σ
|ψ|2(σ+1) . (11)
Therefore, the conserved quantities of the BNLS can be found using Noether theorem, see Ap-
pendix E. As in the standard NLS, invariance of the action integral under phase-multiplications ψ 7→
eiδψ implies conservation of the “power” ( L2 norm ), i.e,.
P (t) ≡ P (0), P (t) = ‖ψ(t)‖22 .
Similarly, invariance under temporal translations t 7→ t+δt implies conservation of the Hamiltonian
H(t) ≡ H(0), H[ψ(t)] = ‖∆ψ‖22 −
1
σ + 1
‖ψ‖2(σ+1)2(σ+1) , (12)
and invariance under spatial translations x 7→ x+ δx implies conservation of the linear momentum,
i.e.,
P(t) ≡ P(0), P(t) =
∫
Im {ψ∗∇ψ} dx .
In the critical case σ · d = 4, the action integral is also invariant under the dilation transforma-
tion ψ(t,x)→ λd/2ψ(λ4t, λx). The corresponding conserved quantity is
J(t) ≡ J(0), J(t) =
∫
x · Im {ψ∗∇ψ} dx+ 4tH. (13)
2.1 Towards a variance identity
We recall that the action integral of the critical NLS (2) is invariant under the dilation transfor-
mation
ψNLS(t,x) 7→ λd/2ψNLS(λ2t, λx).
The corresponding conserved quantity is
JNLS(t) ≡ JNLS(0), JNLS =
∫
x · Im {ψ∗∇ψ} dx− 2tHNLS . (14)
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In addition, the integral term
∫
x · Im {ψ∗∇ψ} dx is the time-derivative of the variance, i.e.,
d
dt
VNLS = 4
∫
x · Im {ψ∗∇ψ} dx, VNLS(t) =
∫
|x|2 |ψ|2 dx .
Therefore, it follows that
d2
dt2
VNLS = 8HNLS.
In the supercritical NLS, the second derivative of the variance is not related to this conservation
law. Nevertheless, direct differentiation shows that
d
dt
VNLS = 4
∫
x · Im {ψ∗∇ψ} dx ,
d
dt
∫
x · Im {ψ∗∇ψ} dx = 2HNLS − σd− 2
(σ + 1)
‖ψ‖2(σ+1)2(σ+1) .
Therefore
d2
dt2
VNLS = 8HNLS − 4 σd− 2
(σ + 1)
‖ψ‖2(σ+1)2(σ+1) . (15)
Since VNLS ≥ 0, the variance identity (15) shows that solutions of the critical and supercritical
NLS, whose Hamiltonian is negative, become singular in a finite time [34].
We next extend the analogy between (13) and (14) to the non-critical case. In the case of the
BNLS, direct differentiation shows that
d
dt
∫
x · Im {ψ∗∇ψ} dx = 4H − σd− 4
2(σ + 1)
‖ψ‖2(σ+1)2(σ+1) .
Therefore, if we define
VBNLS(t) = VBNLS(0) +
∫ t
s=0
(∫
x · Im {ψ∗(s,x)∇ψ} dx
)
ds, (16)
where VBNLS(0) is a positive constant, we get the BNLS variance identity
d2
dt2
VBNLS = 4H − σd− 4
2(σ + 1)
‖ψ‖2(σ+1)
2(σ+1)
.
In order to use this identity to prove singularity formation, however, one must show that VBNLS,
as defined by (16), has to remain positive. Direct integration by parts gives that∫
x · Im {ψ∗∇ψ} dx = 1
4(d + 2)
∫
|x|4 · Im {∇ψ∗∆∇ψ} dx+ 1
16(d + 2)
(∫
|x|4|ψ|2dx
)
t
.
While the second term on the RHS is a temporal derivative of a positive-definite quantity, the first
term on the RHS is not. Therefore, it remains an open question whether VBNLS has to be positive.
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3 Numerical calculation of standing waves
The BNLS equation (3) admits the standing-wave solutions
ψ(t,x) = λ2/σeiλ
4tR(λx).
The equation for the standing-wave profile is
−∆2R(x)−R+ |R|2σR = 0, (17)
where R ∈ H2. For example, in one dimension, equation (17) is given by
−Rxxxx(x)−R+ |R|2σR = 0, (18)
and in two dimensions by
− (Rxxxx(x, y) + 2Rxxyy +Ryyyy)−R+ |R|2σR = 0. (19)
If we impose radial symmetry, eq. (17) reduces to
−∆2rR(r)−R+ |R|2σR = 0, (20a)
where ∆2r is given in (8). At r = 0, all the odd derivatives vanish, and so the solution of (8) is
subject to the boundary conditions
R′(0) = R′′′(0) = R(∞) = R′(∞) = 0. (20b)
The solution of eq. (20) was computed numerically in the one-dimensional case in [12] as follows.
In the 1D case, eq. (20) can be integrated once, yielding an explicit relation between R(0) andR′′(0).
This parameter-reduction enables the usage of a one-parameter shooting approach. Unfortunately,
such a parameter reduction is not possible in higher dimensions. Therefore, in multi-dimensions we
compute the ground-states using the Spectral Renormalization method (SRM), which was intro-
duced by Petviashvili in [30], and more recently by Albowitz and Musslimani in [1]. See Section 8.2
for further details.
In Figure 1 we display the results in the critical case, i.e., the ground states of
−∆2R−R+ |R|8/dR = 0 . (21)
Figure 1A displays the ground-state of eq. (17) in the critical 1D case, as calculated by the SRM.
The solution is in excellent agreement with the solution computed in [12] using the shooting method.
Figure 1B and Figure 1C display the ground state in the critical 2D and 3D cases. We note that,
while the SRM method that we use does not enforce radial symmetry, the calculated ground states
for d = 2 and d = 3 are radially symmetric (data not shown). As noted in [12], the ground-states of
the BNLS are non-monotonic in r and change their sign, in contradistinction with the ground-states
of the NLS which are monotonically-decreasing and strictly positive.
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Figure 1: Numerical solution of eq. (21), using the SRM method (solid line). Red dotted line
in (A) is the solution computed in [12] using the shooting method.
4 Critical power for collapse
Theorem 2 shows that the critical power for collapse in the critical BNLS (5) is Pcr = ‖R‖22,
when R is the ground-state of (21). The computation of R, see Section 3, allows for the numerical
calculation of the critical power Pcr. The case d = 1 was found in [12] to be
Pcr(d = 1) =
∫ ∞
x=−∞
|R(x)|2 dx ≈ 2.9868 .
Using the calculated ground state in the two-dimensional case, see Figure 1B, we now calculate the
critical power in the two-dimensional case, giving
Pcr(d = 2) =
∫∫ ∞
x,y=−∞
|R(x, y)|2dxdy ≈ 13.143 .
Similarly, using the calculated ground state in the 3D case, see Figure 1C, gives
Pcr(d = 3) =
∫∫∫ ∞
x,y,z=−∞
|R(x, y, z)|2dxdydz ≈ 44.88 .
We now ask whether Theorem 2 is sharp, in the sense that for any ε > 0, there exists an initial
condition ψ0 ∈ H2 such that ‖ψ0‖22 ≤ (1+ε)Pcr and the corresponding solution of the critical BNLS
becomes singular. As noted, at present there is no proof that solutions of the BNLS can become
singular. Therefore, in particular, it is unknown whether Theorem 2 is indeed sharp. Hence, we
will explore this issue numerically.
We recall that in the critical NLS, the necessary condition for collapse ‖ψ‖22 ≥ PcrNLS :=
‖RNLS‖22 is sharp, since for any ε > 0 the initial condition ψ0 = (1 + ε)RNLS becomes singular in
a finite time [36]. Therefore, we now check numerically whether for 0 < ε≪ 1, the solution of the
critical BNLS with the initial condition ψ0 = (1 + ε)R(x) becomes singular. To do this, we solve
the one-dimensional and two-dimensional critical BNLS equations with the initial condition ψ0 =
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Figure 2: Collapsing solutions of the critical BNLS (9) with the perturbed ground-state initial
condition ψ0(x) = 1.001 · R(x).
1.001 · R(x) , see Fig 2. In both cases, the solution appears to blow up, suggesting that Theorem 2
is sharp. See Section 8.1 for the numerical methodology used for solving the BNLS.
We also note that in the critical NLS, if the initial condition is different from the ground state,
the power input required for collapse is strictly larger than Pcr
NLS, see [11]. This the case also
in the BNLS. For example, in the one-dimensional critical BNLS with a Gaussian shaped initial
condition ψ0 = C · e−r2 , the input power required for collapse is strictly larger than 1.003 · Pcr,
see [12]. In the two-dimensional critical BNLS with a Gaussian shaped initial condition, the input
power required is strictly larger than 1.001 · Pcr, see [20].
5 Blowup rate, blowup profile, and power concentration (critical
case)
5.1 Lower-bound for the blowup rate
In [8], Cazanave and Weissler proved that the blowup rate for singular solutions of the critical
NLS (2) is not slower than a square-root, i.e., that ‖∇ψ‖2 ≥ K(Tc − t)−1/2. The analogous result
for the critical BNLS is as follows:
Theorem 3. Let ψ be a solution of the critical BNLS (5) that becomes singular at t = Tc < ∞,
and let l(t) = ‖∆ψ‖−1/22 . Then, ∃K = K(‖ψ0‖2) > 0 such that
l(t) ≤ K(Tc − t)1/4, 0 ≤ t ≤ Tc.
Proof. We follow the proof given by Merle [21] for the critical NLS. For a fixed t, 0 ≤ t < Tc, let
us define
ψ1(s,x) = l
d/2ψ(t+ s · l4, x · l).
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Then, ψ1 is defined for t+ l
4s < Tc ⇐⇒ s < Sc = l−4(t) · (Tc− t), and satisfies the BNLS equation
i∂sψ1 +∆
2ψ1 + |ψ1|8/d ψ1 = 0.
Since
‖∆ψ1‖22 = l4
∥∥∆ψ(t+ s · l4, x · l)∥∥2
2
,
this implies that lims→Sc ‖∆ψ1‖22 =∞, i.e., that ψ1(s) becomes singular as s→ SC . In addition,
‖∆ψ1(s = 0,x)‖22 = l4 ‖∆ψ(t,x)‖22 = 1. (22a)
From the definition of ψ1 and power conservation it follows that
‖ψ1(s = 0,x)‖22 = ‖ψ(t,x)‖22 = ‖ψ0(x)‖22 . (22b)
Using equations (22a) and (22b) and the Cauchy-Schwartz inequality gives
‖∇ψ1(s = 0,x)‖22 ≤ ‖ψ1(s = 0,x)‖2 · ‖∆ψ1(s = 0,x)‖2 = ‖ψ0(x)‖2 . (22c)
Together, the three formulae (22) imply that for any fixed t ∈ [0, Tc),
‖ψ1(s = 0,x)‖2H2 ≤ ‖ψ0‖22 + ‖ψ0‖2 + 1. (23)
In other words, for each t, the initial H2 norm of ψ1 is bounded by a function of ‖ψ0‖2. Specifically,
this bound is independent of t. From the local existence theory [4], ψ1 exists in s ∈ [0, SM (t)],
where SM = SM (‖ψ1(s = 0,x)‖H2) . Therefore, it follows from (23) that SM depends on ‖ψ0‖, but
is independent of t.
Since ψ1 blows up at Sc we have that
SM ≤ Sc(t) = l−4(t) · (Tc − t),
from which the result follows.
5.2 Convergence to a quasi self-similar blowup profile
In [37], Weinstein showed that the collapsing core of all singular solutions of the critical NLS
approaches a self-similar profile. We now prove the analogous result for the critical BNLS:
Theorem 4. Let d ≥ 2 and let ψ(t, r) be a solution of the radially-symmetric critical BNLS (5)
with initial conditions ψ0(r) ∈ H2radial, that becomes singular at t = Tc < ∞. Let l(t) = ‖∆ψ‖−1/22
and let
S(ψ)(t, r) = ld/2(t)ψ(t, l(t)r).
Then, for any sequence t′k → Tc there is a subsequence tk such that S(ψ)(tk, r) → Ψ(r) strongly
in Lq, for all q such that1 {
2 < q ≤ ∞ 2 ≤ d ≤ 4,
2 < q < 2dd−4 4 < d.
(24)
In addition, ‖Ψ‖22 ≥ ‖R‖22, where R is the ground state of equation (4).
1 In fact, q = 2(σ + 1), where σ is in the H2-subcritical regime (6).
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Proof. Let tk → Tc and define
φk(r) = S(ψ)(tk, r) = l
d/2(tk)ψ(tk, l(tk)r).
From the definition of φk it follows that
‖φk‖22 = ‖ψ0‖22 , ‖∆φk‖22 = l4‖∆ψ(tk)‖22 = 1, H[φk] = l4H[ψ(tk)].
Therefore, using Cauchy-Schwartz,
‖∇φk‖22 ≤ ‖φk‖2 · ‖∆φk‖2 = ‖ψ0‖2 .
Since ‖φk‖H2 is bounded, it follows that there exists a subsequence of φk which converges weakly
in H2 to a function Ψ ∈ H2radial. From the Compactness Lemma 13, see Appendix A, it follows
that φk → Ψ strongly in Lq, for all q given by (24).
Next, we prove that H[Ψ] ≤ 0. Since φk⇀
H2
Ψ, it follows that ∆φk⇀
L2
∆Ψ, and so ‖∆Ψ‖2 ≤
limk→∞ ‖∆φk‖2 = 1. Additionally, since φk →
Lq
Ψ for some q = 2 + 2s > 2, we have that ‖Ψ‖2 =
limk→∞ ‖φk‖2 , and so
H[Ψ] ≤ lim
k→∞
H[φk] = lim
k→∞
l4H[ψ0] = 0.
In addition, since
0 = lim
k→∞
H[φk] = lim
k→∞
(
1− 1
σ + 1
‖φk‖2(σ+1)2(σ+1)
)
,
it follows that limk→∞ ‖φk‖2(σ+1) > 0, so Ψ 6= 0. Therefore, Corollary 15, see Appendix C, implies
that ‖Ψ‖22 ≥ ‖R‖22.
5.3 Power Concentration
Solutions of critical NLS have the power concentration property, whereby the amount of power that
collapses into the singularity is at least Pcr
NLS =
∥∥RNLS∥∥2
2
, see [37, 23]. In what follows, we prove
the analogous results for the critical BNLS.
Corollary 5. Let d ≥ 2, and let ψ(t, r) be a solution of the radially-symmetric critical BNLS (9)
that becomes singular at t = Tc <∞. Then, ∀ǫ > 0,
lim inf
t→Tc
‖ψ(t, r)‖2L2(r<ǫ) ≥ Pcr,
where Pcr = ‖R‖22 .
Proof. The result shall follow directly from Corollary 6.
The following Corollary shows that the rate of power-concentration is not slower than the
blowup rate l(t). The NLS analogue is due to Tsutsumi [35] and Weinstein [37].
5 BLOWUP RATE, BLOWUP PROFILE, AND POWER CONCENTRATION (CRITICAL CASE)12
Corollary 6. Let d ≥ 2, let ψ(t, r) be a solution of the radially-symmetric critical BNLS (9) that
becomes singular at t = Tc <∞, and let l(t) = ‖∆ψ‖−1/22 . Then,
1. For any monotonically-decreasing function a(t) : [0, Tc)→ R+ such that
lim
t→Tc
a(t) = 0, and lim
t→Tc
l/a = 0,
we have that
lim inf
t→Tc
‖ψ(t, r)‖2L2(r<a(t)) ≥ Pcr.
2. For any ǫ > 0, ∃K > 0 such that
lim inf
t→Tc
‖ψ(t, r)‖2L2(r<K l(t)) ≥ (1− ǫ)Pcr.
Proof. See Appendix B.
Since the second part of Corollary 6 is true for all ǫ > 0 and since Kl(t)→ 0, Corollary 5 follows.
The next Corollary shows that the power-concentration rate has a quartic-root upper bound.
The analogue in NLS theory, which is a square-root upper bound, was proved in [37, 35].
Corollary 7. Let d ≥ 2 and let ψ(t, r) be a solution of the radially-symmetric critical BNLS (9)
that becomes singular at t = Tc <∞. Then,
1. For any monotonically-decreasing a : [0, Tc)→ R+ such that
lim
t→Tc
a(t) = 0, and lim
t→Tc
(Tc − t)1/4
a(t)
= 0,
we have that
lim inf
t→Tc
‖ψ(t, r)‖2L2(r<a(t)) ≥ Pcr.
2. For any ǫ > 0, ∃K > 0 such that
lim inf
t→Tc
‖ψ(t, r)‖2L2(r<K(Tc−t)1/4) ≥ (1− ǫ)Pcr.
Proof. Theorem 3 implies that l(t) ≤ K(Tc − t)1/4. Therefore, the result follows immediately from
Corollary 6.
Recently, Chae, Hong and Lee [9] used the harmonic analysis method of Bourgain [6] to prove
that singular solutions of the critical BNLS for d ≥ 2 have the power-concentration property
lim
t→Tc
sup
x0∈Rd
‖ψ(t,x)‖2
L2(|x−x0|<(Tc−t)1/4) > C,
where C is a positive constant. This result is more general than Corollaries 5,6,7 in that it does not
assume radial symmetry. The proof given here, however, is considerably simpler. More importantly,
it shows that C = Pcr.
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6 Peak-type singular solutions of the critical BNLS
In this, we consider radially-symmetric singular solutions that are “peak-type”, i.e., for which rmax(t) ≡
0 for 0 ≤ t ≤ Tc, where rmax(t) = argmax
r
|ψ| is the location of the maximal amplitude.
6.1 The critical NLS - review
The critical NLS admits singular solutions that collapse with the universal ψRNLS profile, i.e., ψ ∼
ψRNLS , where
ψRNLS(t, r) =
1
L1/σ(t)
RNLS(ρ)eiτ+i
Lt
4L
r2 , τ =
∫ t
0
ds
L2(s)
, ρ =
r
L(t)
. (25)
The self-similar profile RNLS is the ground-state solution of
−R+∆R+ |R|2σ R = 0.
The blowup rate of L(t) is given by the loglog law [14, 18, 19, 22]
L(t) ∼
(
2π(Tc − t)
log |log(Tc − t)|
) 1
2
, t→ Tc. (26)
Since the blowup rate (26) is slightly faster than a square root lim
t→Tc
LLt = lim
t→Tc
1
2
(
L2
)
t
= 0.
Therefore, the phase term Lt4Lr
2 = LLt8 ρ
2 in (25) vanishes as t → Tc. Hence, the blowup profile
reduces to
ψRNLS(t, r) =
1
L1/σ(t)
RNLS(ρ)eiτ , τ =
∫ t
0
ds
L2(s)
, ρ =
r
L(t)
. (27)
6.2 Informal analysis
We now look for the ”corresponding” peak-type singular solutions of the critical BNLS (5). The-
orem 4 suggests that the collapsing core of the singular solution approaches a self-similar form,
i.e.,
ψ(t, r) ∼ ψB(t, r), 0 ≤ r ≤ ρc · L(t),
where
ψB(t, r) =
1
Ld/2(t)
B(ρ)eiτ(t), ρ =
r
L
, (28)
and ρc = O(1). Substituting (28) into (9) and requiring that [ψt] ∼ [∆ψ] ∼
[|ψ|d/2ψ] suggests that
τ(t) =
∫ t
s=0
1
L4(s)
ds.
Let us consider the self-similar profile B(ρ). In the singular region r = O(L) we have that
∆2ψ ∼ ∆2ψB ∼ e
iτ
L4+d/2
∆2ρB, |ψ|8/d ψ ∼ |ψB |8/d ψB =
eiτ
L4+d/2
|B|8/dB,
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and
ψt ∼ (ψB)t ∼
eiτ
L4+d/2
{
iB − LtL3
(
d
2
B + ρBρ
)}
.
Hence, B(ρ) satisfies
−B(ρ)−∆2ρB + |B|8/d = i
(
lim
t→Tc
LtL
3
)(
d
2
B + ρBρ
)
. (29)
Theorem 3 shows that that blowup rate of L(t) is lower-bounded by a quartic-root. In the
critical NLS the blowup rate of peak-type solutions is slightly faster than the analogous square-
root rate, due to the loglog correction. Hence, we expect that the blowup rate of peak-type critical
BNLS solutions is slightly faster than a quartic root, i.e.,
L(t)
4
√
Tc − t
→ 0. (30)
In that case, lim
t→Tc
LtL
3 = lim
t→Tc
1
4
(
L4
)
t
= 0, and (29) reduces to the standing-wave equation (21).
Since the ground-states of (21) attain their maximal amplitudes at ρ = 0, see Section 3, these are
peak-type solutions.
The above informal analysis thus leads to the following Conjecture:
Conjecture 8. The critical BNLS admits peak-type singular solutions such that:
1. The collapsing core approaches the self-similar profile
ψ(t, r) ∼ ψR(t, r), 0 ≤ r ≤ ρc · L(t), (31a)
where
ψR(t, r) =
1
Ld/2(t)
R(ρ)eiτ(t), ρ =
r
L
, τ(t) =
∫ t
s=0
1
L4(s)
ds, (31b)
and R is the ground-state of equation (21).
2. The blowup rate of L(t) is slightly faster than a quartic-root, i.e.,
lim
t→Tc
L(t)
(Tc − t)p =
{
0 p = 1/4
∞ p > 1/4 . (32)
In Section 6.3 we provide numerical evidence in support of Conjecture 8.
6.3 Simulations
The one-dimensional critical BNLS
iψt(t, x)− ψxxxx + |ψ|8 ψ = 0 (33)
6 PEAK-TYPE SINGULAR SOLUTIONS OF THE CRITICAL BNLS 15
0 1e-07 2e-07
t
100
102
104
|ψ|
∞
(A) d = 1
0 1e-07 2e-07
t
100
104
108
|ψ|
∞
(B) d = 2
Figure 3: Maximal amplitude of peak-type singular solutions of the critical BNLS (9).
was solved with the Gaussian initial condition ψ0(x) = A1e
−x2 with A1 ≈ 1.618, whose power
is ‖ψ0‖22 = 1.1 · Pcr(d = 1). The maximal amplitude of the solution ‖ψ‖∞ as a function of time
is plotted in Fig 3A. The amplitude increases abruptly by a factor of 104 around Tc ≈ 0.0499,
suggesting that the solution becomes singular in a finite time.
The simulation was repeated for the radially-symmetric two-dimensional critical BNLS
iψt(t, r)− 1
r3
ψr +
1
r2
ψrr − 2
r
ψrrr − ψrrrr + |ψ|4 ψ = 0, (34)
with the Gaussian initial condition ψ0(r) = A2e
−r2 with A2 ≈ 3.034, whose power is ‖ψ0‖22 =
1.1Pcr(d = 2) The amplitude increases abruptly by a factor of 10
8. around Tc ≈ 0.0606, see Fig 3B,
again suggesting that the solution becomes singular in a finite time.
We next consider the self-similar profile of the collapsing solutions from Figure 3. In order to
verify that it is given by (31), we rescale the solutions as
ψrescaled(t, ρ) = L
2/σ(t)ψ(t, r = ρ · L), L(t) = ‖ψ‖−σ/2∞ , (35)
with 2/σ = d/2. The rescaled solutions at focusing levels of L = 10−4 and L = 10−8 are indistin-
guishable, see Fig 4, indicating that the collapsing core is indeed self-similar according to (31). A
predicted, the self-similar profile is very close to the ground-state R in the core region 0 ≤ ρ ≤ 4.
We next compute the blowup rate p, defined by the relation
L ∼ κ(Tc − t)p.
To do that, we perform a least-squares fit of log(L) with log(Tc − t), see Figure 5, obtaining a
value of p ≈ 0.2516 for both d = 1 and d = 2. This value of p is slightly above 1/4, implying that
the quartic-root lower-bound given by Theorem 3 is close to the actual blowup-rate of peak-type
singular solutions.
Next, we provide two indications that the blowup rate is faster than 1/4. First, if the blowup
rate is exactly 1/4, then limt→Tc L3Lt should be finite and strictly negative. However, up to focusing
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Figure 4: The solutions of Figure 3, rescaled according to (35), at focusing levels L(t) = 10−4
(blue dotted line) and L(t) = 10−8 (black solid line). Red dashed line is the rescaled ground-
state |R|. The three curves are indistinguishable for 0 ≤ r/L ≤ 4.
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Figure 5: L(t) as a function of (Tc − t) , on a logarithmic scale, for the solutions of Figure 3
(circles). A) 1D case. Solid line is the fitted curve L = 0.742 · (Tc − t)0.2516 . B) 2D case.
Solid line is the fitted curve L = 0.641 · (Tc − t)0.2516 .
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Figure 6: A: L3Lt as a function of 1/L, for the solution of Figure 3A (black solid line) and
of Figure 3B (red dashed line). B: same as (A) for the supercritical cases d = 1, σ = 6 (black
solid line) and d = 2, σ = 3 (red dashed line).
level of L = 10−8, L3Lt does not appear to converge to a negative constant, but rather to increase
slowly towards 0−, see Figure 6A. Second, according to the informal analysis in Section 6.2, the
blowup rate is faster than a quartic root if and only if the self-similar profile B(ρ) satisfies the
standing-wave equation (4), which is indeed what we observed numerically in Figure 4.
Remark: In the critical NLS the blowup rate of peak-type solutions is slightly faster than the
analogous square-root lower-bound, due to the well-known loglog-correction (26). Figure 5 shows
that the blowup rate is slightly faster than a quartic root, and Figure 6A shows that L3Lt → 0
very slowly. Together, this suggests that the blowup rate in the critical BNLS is only slightly
faster than the analogous quartic root. At present, we do not know if the blowup rate of peak-type
solutions of the critical BNLS is a quartic root with a loglog correction. We note, however, that
the loglog correction in the critical NLS cannot be determined numerically [13], and can only be
derived analytically. Therefore, we expect that the determination of the analogous correction to
the 1/4 blowup rate of the critical BNLS will also have to be done analytically, and not numerically.
7 Peak-type singular solutions of the supercritical BNLS
7.1 The supercritical NLS - review
In contrast to the extensive theory on singularity formation in the critical NLS, much less is known
about the supercritical NLS. Numerical simulations and formal calculations (see, e.g., [33, Chapter
7] and the references therein) suggest that peak-type singular solutions of the supercritical NLS
collapse with a universal ψQ profile, i.e.,
ψ(t, r) ∼
{
ψQ(t, r) 0 ≤ r ≤ rc],
ψnon-singular(t, r) r ≥ rc,
(36a)
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where
ψQ(t, r) =
1
L1/σ(t)
Q(ρ)eiτ , τ =
∫ t
0
ds
L2(s)
, ρ =
r
L(t)
. (36b)
Note that the singular region r ∈ [0, rc] is constant in the coordinate r. Therefore, in the rescaled
variable ρ = r/L(t), the singular region ρ ∈ [0, rc/L(t)] becomes infinite as L(t) → 0. This is in
contradistinction with the critical case, wherein the singular region ρ ∈ [0, ρc] is constant in the
rescaled variable ρ, but shrinks to a point in the original coordinate r.
The self-similar profile Q is the solution of
Q′′(ρ) +
d− 1
ρ
Q′ −Q+ iκ
2
2
(
1
σ
Q+ ρQ′
)
+ |Q|2σQ = 0,
Q′(0) = 0, Q(∞) = 0.
(36c)
Solutions of (36c) are complex-valued, and depend on the parameter κ and on the initial condi-
tion Q(0) = Q0. Solutions of (36c) whose amplitude |Q| is monotonically-decreasing in ρ, and
which have a zero Hamiltonian, are called admissible solutions [33]. For each choice of (σ, d), equa-
tion (36c) has a unique admissible solution (up to a multiplication by a constant phase eiα). This
solution is attained for specific real values of κ and Q(0), which we denote as
κ = κQ(σ, d), Q(0) = Q0(σ, d). (37)
The blowup rate of L(t) is a square-root, i.e.,
L(t) ∼ κ
√
Tc − t, t→ Tc. (38)
Numerical simulations and formal calculations suggest that:
1. The self-similar profile of singular peak-type solutions of the NLS (1) is an admissible solution
of (36c). Since Q(ρ) attains its maximal amplitude at ρ = 0, the solution is peak-type.
2. The constant κ of the blowup rate (38) is equal to κQ(σ, d). Hence, in particular, κ is universal
(i.e., is independent of the initial condition ψ0).
The admissible solution Q(ρ) satisfies
|Q(ρ)| ∼ C · ρ−1/σ, ρ→∞ .
Thus, Q /∈ L2(R). Nevertheless, Q(ρ) can be the self-similar profile of H1 solutions, since ψ(r, t) ∼
ψQ only for r ∈ [0, rc], see [5].
7.2 Informal analysis
As in the supercritical NLS, we expect that singular peak-type solutions of the supercritical BNLS
collapse as
ψ(t, r) ∼
{
ψB(t, r) 0 ≤ r ≤ rc,
ψnon-singular(t, r) r ≥ rc,
(39)
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where ψB is a self-similar profile, to be determined. As in the supercritical NLS, the singular
region r ∈ [0, rc], is constant in the coordinate r. Therefore, in the rescaled variable ρ = r/L(t), the
singular region ρ ∈ [0, rc/L(t)] becomes infinite as L(t)→ 0. This is again in contradistinction with
the critical-BNLS case, where the singular region ρ ∈ [0, ρc] is constant in the rescaled variable ρ,
but shrinks to a point in the original coordinate r.
The BNLS (3) is invariant under the dilation symmetry r 7→ rL , t 7→ tL4 , ψ 7→ 1L2/σψ, where L is
a constant. In the supercritical case σd > 4, this suggests that
ψB(t, r) =
1
L2/σ(t)
B(ρ)eiτ(t), ρ =
r
L
.
Similar arguments as in Section 6.2 show that τ(t) =
∫ t
s=0
1
L4(s)ds. Therefore, as in the supercritical
NLS, we expect the collapsing part of the solution to approach the self-similar profile2
ψB(t, r) =
1
L2/σ(t)
B(ρ)eiτ(t), ρ =
r
L
, τ(t) =
∫ t
s=0
1
L4(s)
ds. (40)
Theorem 3 showed that in the critical case, if L(t) ∼ κ(Tc − t)p, then p ≥ 1/4. The following
Lemma extends this result to peak-type solutions of the supercritical BNLS.
Lemma 9. Let σd > 4, and let ψ be a peak-type singular solution of the BNLS that collapses with
the ψB profile (40). If L(t) ∼ κ(Tc − t)p, then p ≥ 14 . Furthermore, p = 1/4 if and only if the
self-similar profile B(ρ) satisfies the equation
−B(ρ) + iκ
4
4
(
2
σ
B + ρB′
)
−∆ρB + |B|2σB = 0, κ > 0. (41)
Proof. If ψ ∼ ψB , then
∆2ψ ∼ ∆ψB ∼ e
iτ
L4+2/σ
∆ρB, |ψ|2σψ ∼ |ψB |2σψB = e
iτ
L4+2/σ
|B|2σB,
and
ψt ∼ (ψB)t ∼
eiτ
L4+2/σ
{
iB − LtL3
(
2
σ
B + ρBρ
)}
.
Hence, the equation for B is
−B − i
(
lim
t→Tc
LtL
3
)(
2
σ
B + ρB′
)
−∆2ρB + |B|2σ B = 0, (42)
implying that LtL
3 should be bounded as t → Tc. Since L3Lt ∼ −pκ4(Tc − t)4p−1, it follows
that p ≥ 14 . If p = 1/4, then L3Lt → −κ
4
4 , and equation (42) reduces to (41).
2 Note that in the critical case 2/σ = d/2, hence the self-similar profile (40) reduces to (31).
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Let us consider the fourth-order nonlinear ODE (41) for the self-similar profile B(ρ). Its solution
requires four boundary conditions, and the determination of the parameter κ. Radial symmetry
implies that B′(0) = B′′′(0) = 0. Since the solution is invariant up to rescaling B(ρ)→ λ2/σB(λρ),
one can set, with no loss of generality, B(0) = 1. Therefore, we require two additional constraints
in order to determine κ and B′′0 . We recall that in the supercritical NLS the “admissible value”
of κ is determined from the requirements that Q has a zero Hamiltonian and a monotonically-
decreasing amplitude, see Section 7.1. For the BNLS, the following informal argument suggests
that the zero-Hamiltonian condition should also holds. Indeed, from Hamiltonian conservation
it follows that H [ψB ] is bounded, because otherwise the non-singular region would also have an
infinite Hamiltonian. Calculating the Hamiltonian of ψB , we have
H [ψB ] ∼ L−4/σ+d−4
[∫ rc/L(t)
ρ=0
(
|∆ρB(ρ)|2 − 1
1 + σ
|B|2+2σ
)
ρd−1dρ
]
.
From H2-subcriticality, see (6), it follows that L−4/σ−4+d → ∞ as L → 0. Therefore, if H [ψB ]
remains bounded as t→ Tc then
H[B] =
∫ ∞
ρ=0
(
|∆ρB|2 − 1
1 + σ
|B|2+2σ
)
ρd−1dρ = 0. (43)
WKB analysis of (41) shows that, see Appendix D,
B(ρ) ∼ c1B1(ρ) + c2B2(ρ) + c3B3(ρ) + c4B4(ρ), ρ→∞,
where
B1(ρ) ∼ ρ−
2
σ
−i 1
b3 ,
B2(ρ) ∼ 1
ρ
2
3σ
(σd−1) exp
(
−i3
4
bρ4/3 − i 1
3b3
log(ρ)
)
,
B3(ρ) ∼
exp
(
3
√
3
8 bρ
4/3
)
ρ
2
3σ
(σd−1) exp
(
+i
3
8
bρ4/3 − i 1
3b3
log(ρ)
)
,
B4(ρ) ∼
exp
(
− 3
√
3
8 bρ
4/3
)
ρ
2
3σ
(σd−1) exp
(
+i
3
8
bρ4/3 − i 1
3b3
log(ρ)
)
and b =
(
κ4/4
)1/3
. Equation (41) therefore has two algebraically-decaying solutions, B1 and B2, an
exponentially-increasing solution B3, and an exponentially-decreasing solution B4. Since σd > 4,
the exponent 23σ (σd− 1) of B2 is larger that the exponent 2σ of B1, hence B1 ≫ B2 as ρ→∞.
Lemma 10. Let B(ρ) be a zero-Hamiltonian solution of (41). Then, c2 = c3 = 0 and
B(ρ) ∼ c1B1(ρ), ρ→∞.
Furthermore, B′′ ∈ L2.
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Proof. The exponentially increasing solution B3 must vanish identically if the integrals are to
converge, hence c3 = 0. Next, the ρ
4/3 phase term in B2 implies that∣∣B′′2 ∣∣2 ∼ ρ− 43σ (σd−1)+ 43 .
Hence, the integral ∥∥B′′2∥∥22 ∼
∫
ρ−
4
3σ
(σd−1−σ)ρd−1dρ
diverges in the H2-subcritical regime σ(d − 4) < 4, i.e., B′′2 /∈ L2. Since, in addition,
B′′1 ∈ L2, B1 ∈ L2+2σ , B2 ∈ L2+2σ,
the Hamiltonian can be finite only if c2 = 0, in which case B
′′ ∈ L2.
Lemma 10 shows that the condition H[B] = 0 imposes the two constraints c2 = 0 and c3 = 0.
Hence, zero-Hamiltonian solutions of equation (41) satisfy the five boundary conditions
B(0) = 1, B′(0) = 0, B′′′(0) = 0, c2
(
B′′0 , κ
)
= c3
(
B′′0 , κ
)
= 0.
Therefore they form a discrete set of solutions and of values of κ. We conjecture that the additional
condition of monotonicity of |B| will lead to a unique admissible solution B and a unique value
of κ.
Corollary 11. Let B(ρ) be a zero-Hamiltonian solution of (41). Then, ‖B‖2 = ∞. Neverthe-
less, lim
t→Tc
‖ψB‖L2(r<rc) <∞.
Proof. Since B(ρ) ∼ c1B1(ρ),
‖B1‖22 ∼ C
∫ ∞
ρ=0
ρ−4/σ+d−1dρ ∼ Cρd−4/σ
∣∣∣∞
ρ=0
=∞.
Following the arguments of [5], the profile ψB satisfies
‖ψB‖2L2(r<rc) = Ld−4/σ(t) ·
∫ rc/L(t)
ρ=0
|B(ρ)|2 ρd−1dρ
∼ Ld−4/σ(t) ·
(
Cρd−4/σ
∣∣∣rc/L(t)
ρ=0
)
= O(1).
In summary, we conjecture the following:
Conjecture 12.
Let ψ be peak-type singular solution of the supercritical BNLS. Then,
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1/L 10 100 1000 10000 rc
x/L (d = 1) 3.6 36 360 3600 0.36
r/L (d = 2) 6 60 600 6000 0.6
Table 1: Position of circles in Figure 9.
1. The collapsing core approaches the self-similar profile ψB, i.e.,
ψ(t, r) ∼ ψB(t, r), 0 ≤ r ≤ rc, (44a)
where
ψB(t, r) =
1
L2/σ(t)
B(ρ)eiτ(t), ρ =
r
L
, τ(t) =
∫ t
s=0
1
L4(s)
ds. (44b)
2. The self-similar profile B(ρ) is the solution of
−B(ρ) + iκ
4
4
(
2
σ
B + ρB′
)
−∆ρB + |B|2σB = 0,
B(0) = 1, B′(0) = B′′′(0) = 0, H[B] = 0,
(44c)
where κ > 0 and H[B] is the Hamiltonian of B, see (43).
3. In particular, B(ρ) 6= R(ρ).
4. Equation (44c) has a unique “admissible solution” with a unique “admissible value” of κ =
κ(σ, d), such that |B(ρ)| is monotonically decreasing. Additionally, B(ρ) ∼ ρ−2/σ−i4/κ4 as ρ→
∞.
5. The admissible solution is the self-similar profile B of ψB, see (44b).
6. The blowup rate of singular peak-type solutions is exactly a quartic root, i.e.,
L(t) ∼ κ 4
√
Tc − t, κ > 0. (44d)
7. The coefficient κ of the blowup rate of L(t) is equal to the value of κ of the admissible solu-
tion B, i.e.,
κ := lim
t→Tc
L(t)
4
√
Tc − t
= κ(σ, d).
In particular, κ is universal (i.e., it does not depend on the initial condition).
In Section 7.3 we provide numerical evidence in support of Conjecture 12.
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Figure 7: Maximal amplitude of peak-type singular solutions of the supercritical BNLS.
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Figure 8: The solutions of Figure 7, rescaled according to (35), at the focusing levels 1/L = 104
(blue solid line) and 1/L = 108 (black dashed line). The magenta dotted line is the rescaled
ground-state R.
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Figure 9: The solutions of Figure 7, rescaled according to (35), at focusing the level 1/L = 108
(circles). Solid lines are the fitted curves y = 0.63 · (r/L)−0.33 (left) and y = 0.85 · (r/L)−0.66
(right).
7.3 Simulations
The radially-symmetric BNLS (7) was solved in the supercritical case d = 1, σ = 6 with the
initial condition ψ0(x) = 1.6e
−x2 , and in the supercritical case d = 2, σ = 3 with the initial
condition ψ0(r) = 3e
−r2 . In both cases, the solutions blowup at a finite time, see Figure 7.
To check whether the solutions collapse with the self-similar profile (44), the solution was
rescaled according to (35). The rescaled solutions at the focusing levels L = 10−4 and L = 10−8
are indistinguishable in both the one-dimensional case (Figure 8A) and the two-dimensional case
(Figure 8B), providing numerical support that the solution collapses with the ψB profile (44). As
predicted, the self-similar profile is different than the ground-state R. Indeed, Figure 9 shows that
as ρ→∞, the self-similar profile of ψ decays as ρ−2/σ, which is in agreement with the decay rate
of B1(ρ).
We next verify that the solution converges to the asymptotic profile for r ∈ [0, rc], i.e., for ρ ∈
[0, rc/L(t)]. To do this, we plot in Figure 10 the rescaled solution at focusing levels of 1/L =
10, 100, 1000, 10000, as a function of log(r/L). The curves are indistinguishable at r/L = O(1),
but bifurcate at increasing values of r/L. These “bifurcations positions” are marked by circles in
Figure 10, and their r/L values are listed in Table 1. The “bifurcation positions” are linear in 1/L,
indicating that the region where ψ ∼ ψB is indeed ρ ∈ [0, rc/L(t)], which corresponds to r ∈ [0, rc].
To compute the blowup rate p, we performed a least-squares fit of log(L) with log(Tc − t),
see Figure 11. The resulting values are p ≈ 0.2502 in the d = 1, σ = 6 case and p ≈ 0.2504 in
the d = 2, σ = 3 case. Next, we provide two indications that the blowup rate is exactly 1/4, i.e.,
that
L(t) ∼ κ 4
√
Tc − t, κ > 0.
First, if the blowup rate is exactly a quartic root, then L3Lt → −κ44 < 0. Indeed, Figure 6B shows
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Figure 10: Convergence to a self-similar profile. The solutions of Figure 7, rescaled according
to (35), as a function of log(r/L), at the focusing levels L = 10−1 (dashed blue line), L = 10−2
(dash-doted red line), L = 10−3 (dotted green line), L = 10−4 (solid black line) and L = 10−8
(solid magenta line). The circles mark the approximate position where each curve bifurcates
from the limiting profile, see also Table 1.
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Figure 11: L(t) as a function of (Tc − t) , on a logarithmic scale, for the solutions
of Figure 7 (circles). Solid lines are the fitted curves L = 1.048 · (Tc − t)0.2502 (A)
and L = 0.931 · (Tc − t)0.2504 (B).
that in the case d = 1, σ = 6, L3Lt → −0.289, implying that
κ(d = 1, σ = 6) ≈ 4
√
4 · 0.289 ≈ 1.037 . (45)
In the case d = 2, σ = 3, L3Lt → −0.171, implying that
κ(d = 2, σ = 3) ≈ 4
√
4 · 0.171 ≈ 0.909 . (46)
Since L3Lt converges to a finite, negative constant, this shows that the blowup rate is exactly 1/4.
Second, according to Lemma 9, if L3Lt → 0 the self-similar profile B(ρ) should not satisfy the
standing-wave equation (4). In Figure 8 we saw that the rescaled self-similar BNLS solutions and
the corresponding ground-states differ considerably (compare with Figure 4), indicating that the
blowup rate is exactly 1/4. Therefore, the numerical results again support Conjecture 12.
Finally, we verified that the value of κ in the blowup rate (44d) is universal. We solve the BNLS
in the case d = 1, σ = 6 with the initial condition ψ0(x) = 2e
−x4 . In this case, the calculated value
of κ(d = 1, σ = 6) is κ = lim
t→Tc
4
√
−4LtL3 ≈ 1.037, which is equal, to first 3 significant digits, to the
previously obtained value, see (45), for the initial condition ψ0(x) = 1.6e
−x2 . Similarly, in the case
d = 2, σ = 3, we solve the equation with the initial condition ψ0(x) = 3e
−x4 . The calculated value
of κ(d = 2, σ = 3) is κ = lim
t→Tc
4
√
−4LtL3 ≈ 0.913, which is equal, to first 2 significant digits, to the
previously obtained value, see (46), for the initial condition ψ0(x) = 3e
−x2 .
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Figure 12: The grid-spacing ∆rm obtained using the SGR method of [10] for a peak-type
singular solution of the BNLS. A) The grid generated the original method of [10] at focusing
level of L = 10−6. The Singular and non-singular regions are well-resolved, but the transition
region ∆rm displays a discontinuity. At this point, the finite difference operator becomes ill-
conditioned. B) same as (A), after adding the new penalty function w3, at focusing level L =
10−12. Even at this much larger focusing level, the transition region is now well resolved.
8 Numerical methods
8.1 Adaptive mesh construction using the SGR method
In this study, we computed singular solutions of the BNLS equation (7). These solutions become
highly-localized, so that the spatial scale-difference between the singular region r − rmax = O(L)
and the exterior regions can be as large as O(1/L) ∼ 1010. In order to resolve the solution at both
the singular and non-singular regions, we use an adaptive grid.
We generate the adaptive grids using the Static Grid Redistribution (SGR) method, which
was first introduced by Ren and Wang [31], and later simplified and improved by Gavish and
Ditkowsky [10]. Using this approach, the solution is allowed to propagate (self-focus) until it
becomes under-resolved. At this stage, a new grid, with the same number of grid-points, is generated
using De’Boors ‘equidistribution principle’, wherein the grid points {rm} are spaced such that a
certain weight function w1[ψ] is equidistributed, i.e., that∫ rm+1
r=rm
w1 [ψ(r)] dr = const,
see [31, 10] for details.
The algorithms of [31, 10] keeps a recursive set of grids, the coordinates of each is given in the
reference frame of the previous grid. This enables the simulation to reach high focusing levels, where
the grid-points position cannot be stored at the physical reference frame due to loss of significant
digits. In this study, however, we implement a simplified version of the method of [10], in which
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we dispense with the above hierarchy of grids and store the grid-points position in terms of the
original reference frame. On this highly non-uniform grid, we use a standard non-uniform finite-
difference approximation of the radial biharmonic operator (8). The approximation is third-order
accurate, with a seven-point stencil. Thus, we are limited by the standard machine accuracy3 to
focusing levels of no more than L ≈ 10−12. However, the resulting gain in software (and numerical)
simplicity justifies this limitation.
The method in [10] allows control of the fraction of grid points that migrate into the singu-
lar region, preventing under-resolution at the exterior regions. This is done by using a weight-
function w2, which penalizes large inter-grid distances. However, we found that this numerical
mechanism, while necessary, is insufficient for our purposes. In order to understand the reason,
let us consider the grid-point spacings ∆rm = rm+1 − rm. Using the method of [10] with both w1
and w2 causes a very sharp bi-partition of the grid points – to those inside the singular region,
whose spacing is determined by w1 and is ∆rm = O(L), and to those outside the singular region,
whose spacing is determined by w2 and is ∆rm = O(1), see Figure 12A. Inside each of these
regions, the finite difference approximation we use is well conditioned. However, at the transition
between these two regions, the finite-difference stencil, seven-points in width, spans grid-spacings
with O(1/L) scale-difference — leading to under-resolution which completely violates the validity
of the finite-difference approximation.
In order to overcome this limitation, we improve the algorithm of [10] by adding a third weight
function
w3(rm) =
√
1 +
|∆2rm|
∆rm
,
which penalizes the second-difference ∆2rm = ∆rm+1−∆rm operator of the grid locations, allowing
for a smooth transition between the singular region and the non-singular region, see Fig 12B.
On the sequence of grids, the equations are solved using a Predictor-Corrector Crank-Nicholson
scheme, which is second-order in time.
8.2 The Spectral Renormalization Method
Here, we describe the adaptation of the Spectral Renormalization method (SRM) to the standing-
wave BNLS equation (17). Denoting the Fourier transform of R(x) by F [R](k), equation (17)
transforms to
F [R](k) = 1
k4 + 1
F [|R|2σR] , (47)
where k4 = |k|4, leading to the fixed-point iterative scheme
F [Rm+1] = 1
k4 + 1
F [|Rm|2σRm] , m = 0, 1, . . . .
Typically this iterative scheme diverges either to ∞ or to 0. In order to avoid this problem, we
renormalize the solution as follows. Multiplying equation (47) by F [R]∗ and integrating over k
3 At the time of writing, the standard machine accuracy is IEEE 64-bit floating points, with relative machine
error of 10−16. Using 128-bit floating points will, for all practical purposes, eliminate the above restriction.
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gives the integral relation:
SL = SR, where SL[R] ≡
∫
|F [R]|2 dk, SR[R] ≡
∫
1
k4 + 1
F [|R|2σR]F [R]∗dk. (48a)
We now define Rm+ 1
2
= CmRm such that the integral relation (48a) is satisfied by Rm+ 1
2
, i.e, that
SL
[
Rm+1/2
]
= C2mSL[Rm] = C
2σ+2
m SR[Rm] = SR
[
Rm+1/2
]
,
leading to Cm =
(
SL[Rm]
SR[Rm]
) 1
2σ
, and hence to
∣∣Rm+1/2∣∣2σ Rm+1/2 =
(
SL[Rm]
SR[Rm]
)1+ 1
2σ
|Rm|2σ Rm.
The Spectral Renormalization method is therefore given by the iterations
F(Rm+1) =
(
SL[Rm]
SR[Rm]
)1+ 1
2σ 1
k4 + 1
F (|Rm|2σRm) , m = 1, 2 . . . . (48b)
In this work, we use the SRM to solve (17) for the cases d = 1, 2, 3 without imposing radial
symmetry. Alternatively, one might have solved the radial equation (20) using a modified Hankel-
like transform instead of the Fourier Transform. Our main reason for not doing so is the convenience
and cost-effectiveness of using the Fast Fourier Transform. We also note that our non-radially-
symmetric method produced a radially-symmetric solution, which suggests that the ground state
is radially symmetric.
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A Compactness Lemma
Here we provide an extension of the Compactness Lemma for H1radial functions [32], to the case
of H2radial:
Lemma 13. (Compactness Lemma) Let d ≥ 2 and let σ > 0 be in the H2-subcritical regime (6).
Then, the embedding H2radial(R
d)→ L2(σ+1)(Rd) is compact, i.e., every bounded sequence un′ ∈
H2radial(R
d) has a subsequence un which converges strongly in L
2(σ+1)(Rd).
Proof. If ‖un′‖H2 ≤ M , then the sequence un′ has a subsequence un which converges weakly to u
in H2. Since the limit of radial functions is a radial function, u ∈ H2radial. In addition, since for
any bounded domain Ω, the embedding H2(Ω)→ L2(Ω) is compact, there is a subsequence which
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converges strongly to u in L2(Ω), i.e., limn→∞
∫
Ω |un − u|2 dx = 0. From the Gagliardo-Nirenberg
inequality on the bounded domain Ω, see [15, 16, 26],
‖f‖2(σ+1)
L2(σ+1)(Ω)
≤ Bσ,d,Ω ‖∆f‖σd/2L2(Ω) · ‖f‖
2(σ+1)−σd/2
L2(Ω)
= Bσ,d,Ω ‖∆f‖σd/2L2(Ω) · ‖f‖
2(1−σ d−4
4
)
L2(Ω)
and since 1 > σ d−44 in the H
2-subcritical case, it follows that un → u strongly in L2(σ+1)(Ω), so
that
lim
n→∞
∫
Ω
|un − u|2(σ+1) dx = 0.
Next, Strauss radial Lemma [32] for H1 functions gives that ∀ρǫ > 1 and n,∫
|x|>ρǫ
|un|2(σ+1) dx ≤ C
ρ
(d−1)σ
ǫ
,
so that ∀ǫ∃ρǫ s.t. ∀n ∫
|x|>ρǫ
|un|2(σ+1) dx ≤ ǫ.
Finally, since
‖un − u‖L2(σ+1)(Rd) ≤ ‖un − u‖L2(σ+1)(|x|<ρǫ) + ‖un‖L2(σ+1)(|x|>ρǫ) + ‖u‖L2(σ+1)(|x|>ρǫ)
the convergence in Rd is obtained.
B Proof of Corollary 6
Proof. From the proof of Theorem 4,
‖ψ(tk, r)‖2L2(r<a(tk)) = ‖φk(r)‖
2
L2(r<a(tk)/l(tk))
,
and since limk→∞ a(tk)/l(tk) =∞, we have that ∀M > 0
lim inf
k→∞
‖φk(r)‖2L2(r<M) ≤ lim inf
k→∞
‖φk(r)‖2L2(r<a(tk)/l(tk)) .
Since φk(r)⇀
L2
Ψ, it follows that φk(r) ⇀
L2(M)
Ψ, and so
‖Ψ‖2L2(r<M) ≤ lim inf
k→∞
‖φk(r)‖2L2(r<M)
This is true ∀M , and so
Pcr ≤ ‖Ψ‖2L2 ≤ lim inf
k→∞
‖ψ(tk, r)‖2L2(r<a(tk)) .
For the second result, since ‖Ψ‖L2 ≥ Pcr, it follows that for all ǫ > 0 there exist K > 0 such
that
‖Ψ‖L2(r>K) ≥ (1− ǫ)Pcr.
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Therefore, since
‖ψ(tk, r)‖2L2(r<K·l(tk)) = ‖φk(r)‖
2
L2(r<K) ,
a similar argument as in the previous section gives
(1− ǫ)Pcr ≤ ‖Ψ‖2L2(r<K) ≤ lim inf
k→∞
‖ψ(tk, r)‖2L2(r<K·l(tk)) .
C Gagliardo Nirenberg inequality for H2 functions
In L2-critical case σd = 4, which is always in the H2-subcritical regime (6), the appropriate
Gagliardo-Nirenberg inequality in H2 is [15, 16, 26]:
Lemma 14. (Gagliardo-Nirenberg inequality) Let σd = 4, and let f ∈ H2(Rd), then
‖f‖2(σ+1)2(σ+1) ≤ Bσ,d ‖∆f‖22 ‖f‖2σ2 . (49)
We note that the ground-state R of equation (4) is the minimizer of the Gagliardo-Nirenberg
inequality [12], and that its L2 norm, the critical power, satisfies
Pcr = ‖R‖22 =
(
σ + 1
Bσ,d
)1/σ
.
Hence, the Gagliardo-Nirenberg inequality implies the following Corollary:
Corollary 15. Let f ∈ H2 and σd = 4, then
H[f ] ≥
[
1−
(
‖f‖22
Pcr
)σ]
· ‖∆f‖22 ,
so that
‖f‖22 ≤ Pcr =⇒ H[f ] ≥ 0. (50)
D WKB analysis of eq. (44c).
As ρ→∞, the nonlinear term in (44c) becomes negligible, and (44c) reduces to
−B(ρ)−∆ρB + ib3
(
2
σ
B + ρBρ
)
= 0, b3 =
κ4
4
, (51)
where
∆2ρ = −
(d− 1)(d− 3)
ρ3
∂ρ +
(d− 1)(d− 3)
ρ2
∂2ρ +
2(d− 1)
ρ
∂3ρ + ∂
4
ρ .
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In order to apply the WKB method, we substitute B(ρ) = exp(w(ρ)), and expand
w(ρ) ∼ w0(ρ) + w1(ρ) + . . . .
Substituting w0(ρ) = αρ
p and balancing terms shows that p = 4/3, and that the equation for the
leading-order, the O (ρ4/3) terms, is
(
w′0
)3
=
(
4α
3
)3
ρ = ib3ρ.
Therefore,
α =
3
4
bei
π
6
+iπ 2k
3 =
3
4
b ·
{
−i,
√
3 + i
2
,
−√3 + i
2
}
.
The equation for the next order, the O (1) terms, is
1 + 2dib3 = ib3
(
2
σ
+ 3ρw′1
)
,
implying that
w1 =
1
3
(
2
σ
(1− σd)− 1
ib3
)
log ρ.
The next-order terms are O (ρ−4/3) = o(1) and can be neglected. We therefore obtain the three
solutions
B2(ρ) ∼ 1
ρ
2
3σ
(σd−1) exp
(
−i3
4
bρ4/3 − i 1
3b3
log(ρ)
)
, (52a)
B3(ρ) ∼
exp
(
3
√
3
8 bρ
4/3
)
ρ
2
3σ
(σd−1) exp
(
+i
3
8
bρ4/3 − i 1
3b3
log(ρ)
)
, (52b)
B4(ρ) ∼
exp
(
− 3
√
3
8 bρ
4/3
)
ρ
2
3σ
(σd−1) exp
(
+i
3
8
bρ4/3 − i 1
3b3
log(ρ)
)
. (52c)
Since (51) is a fourth order ODE, another solution is required. To obtain the fourth solution, we
substitute w0 ∼ β log(ρ) in (51) and obtain that the equation for the leading-order, the O(1) terms,
is
−1 + ib3
(
2
σ
+ β
)
= 0,
and that the next order is o(1) and can be neglected. The fourth solution is therefore
B1(ρ) ∼ ρ−
2
σ
−i 1
b3 . (52d)
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E Application of Noether Theorem for the BNLS
The Lagrangian density of the BNLS is
L (ψ,ψ∗, ψt, ψ∗t ,∆ψ,∆ψ∗) =
i
2
(ψtψ
∗ − ψ∗tψ)− |∆ψ|2 +
1
1 + σ
|ψ|2(σ+1) .
We cite here Noether’s Theorem, as given in [33]:
Theorem 16 (Noether Theorem). If the action integral
∫∫ L dxdt is invariant under the infinites-
imal transformation
t 7→ t˜ = t+ δt(x, t, ψ),
x 7→ x˜ = x+ δx(x, t, ψ),
ψ 7→ ψ˜ = ψ + δψ(x, t, ψ),
then ∫ [
∂L
∂ψt
(ψtδt+∇ψ · δx− δψ) + ∂L
∂ψ∗t
(ψ∗t δt+∇ψ∗ · δx − δψ∗)− Lδt
]
dx (53)
is a conserved quantity.
For example, the BNLS action integral is invariant under the phase-multiplication ψ(t,x) 7→
eiεψ(t,x). In this case, δt = 0, δx = 0, δψ = iψ, and so Theorem 16 implies that the integral∫ [
∂L
∂ψt
(ψtδt+∇ψ · δx− δψ) + ∂L
∂ψ∗t
(ψ∗t δt+∇ψ∗ · δx− δψ∗)− Lδt
]
dx
=
∫ [
i
2
ψ∗ (ψt · 0 +∇ψ · 0− iψ) − i
2
ψ (ψ∗t · 0 +∇ψ∗ · 0 + iψ∗)− L · 0
]
dx
= ‖ψ‖22 ,
i.e., the power, is a conserved quantity. Other conservation laws can be found in a similar manner.
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